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On sets with small doubling 
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Annotation. 



Let G be an arbitrary Abelian group and let A be a finite subset of G. A has small additive 
doubling if \A + A\ < K\A\ for some K > 0. These sets were studied in papers of G.A. Freiman, 
Y. Bilu, I. Ruzsa, M.C. -Chang, B. Green and T.Tao. In the article we prove that if we have some 
minor restrictions on K then for any set with small doubling there exists a set A, A <Ce K\og \ A\ 
\ such that 1^4 n A| ^ \A\/ K^/'^'^'^ , where e > 0. In contrast to the previous results our theorem is 

\ nontrivial for large K. For example one can take K equals \A\^ , where rj > 0. We use an elementary 

^ ' nnethod in our proof. 



1. Introduction. 

' Let G be an arbitrary Abelian group with additive group operation +. Suppose that A, B 

O ■ are two finite subsets of G and define their sumset A + B io he the set of all pairwise sums 

^ . a + 6 with a G A, 6 G -B. Let log stand for the logarithm to base 2. 

O '. Suppose that A is a set such that |A + y4| < -ft^l^l, where K > 1 is small (for example 

^ \ K = log log \ A\ or K = 2). These sets are called sets with small doubling. The properties of 

such sets were studied in papers [4, 5, 6, 7, 9, 10, 13, 14, 15, 16]. G.A. Freiman (see [4]) proved 



the following wonderful result on the structure of these sets. 

Recall that a set Q C G is called a d-dimensional arithmetic progression if 



s 

■ Q = {no + niXi-\ ^ naXd ■ < < m^} 

X' 

5^ \ where mj, Ui ^ Z and rrii > 0. 

Let G = Z. 

Theorem 1.1 (Freiman) Let K > 1 be a real number, and A (1 "Z be a finite set. Let 
also \A + A\ < K\A\. Then there exist numbers d = d{K) and C = C{K) depend on K only 
and d-dimensional arithmetic progression Q such that \Q\ < C\A\ and A ^ Q. 

The functions d = d{K) and C = C{K) were studied in [6, 7]. In paper [7] M.-C. Chang 
proved that d = 0{K'^\og^ K) and C = exp{0{K'^\og^ K)) (as usual we use X = 0{Y) or 
X -C y to denote an estimate of the form X < MY for some absolute constant M). 

Let n be a positive integer. Sets with small doubling in groups G = (Z/2Z)" were consid- 
ered in [9, 17, 13, 14, 16]. For example we formulate a theorem from [9]. Note that (Z/2Z)" 
is a vector space. 



*This work was supported by RFFI grant no. 06-01-00383, President's of Russian Federation grant N 
1726.2006.1 and INTAS (grant no. 03-51-5-70). 
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Theorem 1.2 Let K > 1 be a real number. Let A C (Z/2Z)"' be a set such that \ A + A\ < 
K\A\. Then A is contained in a subspace H with \H\ < K'^2^*\A\. 

There are another structural results on sets with small doubling. Let A be a set with small 
doubling and o? is a small positive integer. Is it true that A has large intersection with some 
d — dimensional arithmetic progression? It is known that there is a positive answer at the 
question and we give two examples of such results. In [14] the following theorem was proved. 

Theorem 1.3 Let K > 1 be a real number. Suppose that A C (Z/2Z)" is a set such that 
\A + A\ < K\A\. Then there exists a subspace H such that \H\ < K'^'^'^^\A\ and \Ar\H\ > 
exp(-ii'OW)|A|. 

Finally, in recent paper [16] B. Green and T. Tao proved the following theorem. 

Theorem 1.4 Let K > 1 be a real number. Let A C (Z/2Z)"' be a set such that \A + A\ < 
K\A\. Then there exists a subspace H and x e (Z/2Z)"' such that \H\ ^ K~'^^'^'>\A\ and 
\An{x + H)\ > ^\H\. 

Let us formulate our main result. 

Let E = {ei, . . . ,e\E\} C G be a finite set. By SpanE' denote the set SpanE ~ 

{E[=l^^e^ : s.e {-1,0,1}}. 

Theorem 1.5 Let G be an Abelian group. Let K,e be real numbers, e e (0, 1/2], A C G 
be a finite set, \A\ > iFl^ , \ <K< min{ (2-5«£-4j^)(3/2+^)"\ \A\^ }. Let also A contains 
at least \A^jK quadruples with ai + ^2 = ^3 + 04- Then there exists a set A such that 
iSpanAn A| > i ■ and |A| < 2^^s-^K \og\A\. 

It is easy to sec that the number K in Theorems 1.1,1.2,1.3,1.4 cannot be too large. For 

example Theorem 1.4 is trivial if K ^ ( bgioglAl ) • contrast to these results our Theorem 
1.5 is nontrivial for large K (for example one can take K = \A\^, where > is a sufficiently 
small number). On the other hand the cardinality of the set A depends on |y4|. This fact 
differences our main result from Theorems 1.1 — 1.4. 

This paper is organized as follows. In §2 we study so-called "connected sets" in Abelian 
groups. We prove that any such set has large intersection with Span A for some small set 
A (in more detail see Propositions 2.7, 2.9). Besides in the section we show that any set 
contains large connected subset. These two facts imply Theorem 1.5. We give its proof in §3. 
In the last section we discuss some relations between our definition of connectedness and a 
graph-theoretical definition of connectedness from paper [8] . 

The author is grateful to Professor N.G. Moshchevitin for constant attention to this work. 

2. On connected sets in Abelian groups. 

Let G be an arbitrary Abelian group with additive group operation +. Let ^4 C G be a 
finite set, and /c > 2 be a positive integer. By Tfc(y4) denote the following number 

Tk{A) := |{ai H \-ak^a[-\ \- a'^ : oi, . . . , a^, a[, . . . , a'^ G A}| . 

Denote by the same letter A the characteristic function of A. Thus A(x) = 1 if x e A and 
A{x) — otherwise. We shall write J2x instead of J2xeG- 

Definition 2.1 Let A; > 2 be a positive integer, and (3 G [0, 1] be a real number. Suppose 
that A is a finite nonempty set A C G. A is called [^-connected of degree k if there is an 
absolute constant C e (0, 1] such that for any B <Z A, \B\ > P\A\ we have 

T,{B) > C'' niA) . (1) 
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U f3 — then A is connected of degree k. 

The class of connected sets is wide enough. On the one hand very structured sets hkc 
arithmetic progressions, multidimensional arithmetic progressions, subspaccs arc connected 
sets (see Corollary 2.4 below). On the other hand any so-called dissociated set (see Definition 
2.5) belongs to this class. Other examples of connected of degree k sets will be considered in 
section 4. 

Definition 2.2 Let /, : G — > IR be arbitrary functions. Denote by (/ * g){x) the function 

{f*g){x) = Y,fis)9{x-s). (2) 

s 

Clearly, (/ * g){x) = {g * f){x), x e G. By (/ o g){x) denote the function 

(/o^)(x) = 5]/(%(.-x). (3) 

s 

Obviously, (/ o g){x) = {g o f){-x), x eG. 

Suppose that A,B CG are any sets. Then {A*B){x) iS x E A + B and {A o B) {x) ^ 
iff x e A — B. Hence 72(^4) = ^^.(^ * AY[x). Further denote by *k the composition of k 
operations *, A; > 1. Then Tk{A) = ^^{A A)^(x), k>2. Since 

T2{A) := |{ai + 02 = a\ + : o-i, 02, 02 G A^\ = \{ai — a[ = a'2 — 02 : ai, 02, o'^, 02 G ^}| 

it follows that T2{A) = T.xi^° A)^{x). 

Let / : G — i> M be a function. By Tfc(/) denote the quantity Tfc(/) = '^j.if *k-i fYix). 
Let us prove the following simple lemma. 

Lemma 2.3 Let pi,P2 be positive integers, and ki — 2*'% k2 — 2^^ j^^f ^igQ 
fi, ■ ■ ■ , fki, 9i, ■ ■ ■ , 9k2 '■ G ^ R be functions. Then 



^{fi *---*fki){x)-{gi*---* gk2){x) 



< 



< (TkAfi))'^''' ■ ■ ■ {TkMf'HTkMf"'' ■ ■ ■ {TkMf"'' . (4) 
Proof. First of all let us suppose that k-i — k2 — k — 2^, where p is a positive integer. 
We prove the lemma by induction. Put a — ^^{fi * ■ ■ ■ * fk){x) ■ {gi * . . . gk){x). Using the 
Cauchy-Schwartz inequality, we get 

(7^ < Y^ifl * • • • * fkf{x) ■ ^(c/i * • • • * gk^ix) = (71(72 . (5) 

X X 

Consider the sum ai. By definitions of *, o, we obtain 

= ^{{fl O /l) * • • • * (/2P-1 O /2P-0)(a^) ■ ((/2P-I + I O /2P-I + 1) * • • • * (/fc O fk)){x) 

X 

By the induction hypothesis, we have 

<7l < (T2.-l(/l o f,))'/' . . . {T2.Afk o fk))'^" . (6) 
Besides, 72^-1 (/i o /i) = Tk{f,). Hence 

al<(T,(A))^/^..(Tfe(^))V^ (7) 
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In the same way 

a,<{n{g,)f'K..{T,{g,)f'K (8) 

Combining (7), (8) and (5), we obtain that (4) holds. 

Let now ki = 2p\ k2 = 2p^, and pi 7^ pa- Put a' = J2xih fki){x) -{gi* ... gk^){x). 

Using the Cauchy-Schwartz inequahty, we get 

<7" < * • • • * fk,nx) ■ J2i9i 9k,f{x) = a[a', . (9) 

X X 

Using (4) for a[, (T2, we have 

W'l < {TkAfi))'^'"' ■ ■ ■ {TkAh,)Y"''{TMY'''' ■ ■ ■ {TkMy^'"' ■ m 

This completes the proof. 

Let us derive a corollary from Lemma 2.3. Let n be positive integer, be a prime and let 

G be (Z/gZ)". As was noted above G is a vector space. 

Corollary 2.4 Let n, p be positive integers, k = 2^ , q be a prime, and G = (Z/gZ)". Let 
also P be a subspace of G. Then P is a connected of degree k set and (1) is true for C = 1. 
Proof. Let S C P be a set and let a{B) := * ^ *k-2 P)ix) ■ (P *k-i P)(a;). The 

sum a{B) equals the number of solutions of the equation b + p2 + ■ ■ ■ + Pk — Pi + • • • + p'^, 
where b E B and P2, ■ ■ ■ ,Pk,Pi, ■ ■ ■ iV'k ^ Since P is a subspace of (Z/gZ)" it follows that 
b + P2 + ■ ■ ■ -\- Pk - p'l - ■ ■ ■ - p'k ^ P- Hence (j{B) > \B\\P\'^^~'^. In particular a{P) = 
Tk{B) > [Pp'^-i. Since Tfc(P) < |P|2fc-i it follows that Tfc(P) = jP^^-^ Using Lemma 2.3 
with fi ^ B, f2 ^ ■■• ^ fk = gi ^ ■■■ = gk = A, we get 

a''\B)<Tk{B)-Tl''-\A). (11) 

Combining the last inequality and the lower bound for cr{B), we obtain 

This completes the proof. 

Thus very structured sets like subspaces are connected sets. Consider another examples of 
connected sets. 

We need in the following definition (see [18] or [7]). 

Definition 2.5 We say that A = {Ai, . . . , A|a|} C G is dissociated if the equality 

|A| 

5^£^A, = 0, (12) 

1=1 

where £j e {~^, 0, 1} implies that all Si are equal to zero. 

If A is a dissociated set then there exists a good upper bound for Tfc(A) (see [18] and also 
[11, 19]). 

Statement 2.6 There is an absolute constant M > such that for any dissociated set 
A C G and any positive integer k>2, we have 

Tk{K) < M^k^\K\^ , (13) 
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where M < 288. 

Any connected of degree k set has the following property. 

Proposition 2.7 Let k > 2 be a positive integer. Suppose that A C G is a connected 
of degree k set and for C > inequality (1) holds. Then there exists a set A C ^4, |A| < 
288C-2A; J;!^ such that any a ^ A can be expressed in the form 

|A| 

a^^eX, (14) 
1=1 

where Si e {—1, 0, 1}. 

Proof. Let A be a maximal dissociated subset of A. Prove that any a e A can be expressed 
in the form 

|A| 

a = J^£jAj, (15) 

i=l 

where Ei G { — 1,0, 1}. If a = then (15) holds. Let a be an arbitrary element of A \ A, 
a 7^ 0. Consider all equations Y^l^i^ = 0, where A,j G A|J{a} and Ei G { — 1,0,1}, 
i G {1, 2, . . . , |A| + 1}. If all these equations are trivial, i.e. we have £j = 0, i G {1, 2, . . . , |A| + 1} 
then we obtain a contradiction with the maximality of A. It follows that there exists non- 
trivial equation ea + Yl^^i ^i^i = 0; ^) ^ 0) 1} such that not all e, Si are equal to zero. 
Note that £ ^Q. Whence any a G A is involved in some equation (14). 

Let us prove that |A| < 288C-^fc Ifil^ . Using Statement 2.6, we have Tfc(A) < 

(288)^A;^|A|'^. On the other hand, the set A is connected of degree k. Hence Tk{Iy) > 
C2^(|A|/|^|)2fc • Tk{A). It follows that |A| < 288^-^^;^^. This completes the proof. 
We need in a more delicate definition of connectedness. 

Definition 2.8 Let /c > 2 be a positive integer, and G [0, 1] be real numbers, /3i < /32- 

Nonempty set ^4 C G is called (/3i, (32} -connected of degree k if there exists an absolute constant 
C G (0, 1] such that for any S C A, fii\A\ < \B\ < p2\A\ we have 

(I \ 2fc 

l^j niA). (16) 

Clearly, any /3-connected of degree k set is a (/9, /92)-connected of degree k, where P2 G [P, 1] 
is an arbitrary number. Nevertheless we have the following weak analog of Proposition 2.7 for 
(A) /52)^connected of degree k sets. 

Proposition 2.9 Let k > 2 be a positive integer, < Pi < P2 be real numbers. Let also 
A C G be a {Pi, P2) -connected of degree k set and for C > inequality (1) holds. Suppose 
that p2>Pi + 1/\A\, Tk{A) > 2i4'=C-2'=A;*^|A|'= and \A\ > 1/Pi. Then there exists a set A C A 
such that ^ 

\A\ < 2^^G-^k^^ — , (17) 
T'J\A)' 

and ISpanAn^l > (1 -/?i)|A|. 

Proof. The proof of the proposition is a sort of inductive process. Let Ai be a dissociated 
subset of A such that |SpanAi f] A\ > {1 — Pi)\A\. Clearly, there exists such set Ai, for 
example one put Ai to be a maximal dissociated subset of A. Let I — 2^^C~'^k—l^ — . If 
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I All < I then the proposition is proved. Suppose that |Ai| > I. Let A'^ C Ai be an arbitrary 
set of the cardinahty /. Obviously, that A'^^ is a dissociated set. Consider the set Ai = A \ A[. 
If \Ai\ < (1 — then we stop our algorithm. If l^il > (1 — then let A2 be a 

dissociated subset of Ai such that |Span A2 fl Ai| > (1 — Suppose that IA2I < /. Then 

|Span A2 nA\> |SpanA2 n Ai\ > (1 - (3i)\A\ and we are done. It follows that IA2I > I. Let 
A2 C A2 be an arbitrary set of the cardinality I and consider the set ^42 = ^1 \ A2. An so 
on. We get the sets Aq = A, Ai, A2, . . . ,As and disjoint dissociated sets A'^. . . . , A'^, from A. 
We have < (1 - /3i)\A\. Since for all / = 1, 2, . . . , s the following holds A = A\ A[ 
it follows that ^"^^ |A^| = \A\ - \As\ > /3i\A\. Let B = UUiK- Then \B\ > l3i\A\. We can 
remove some elements from A'^ and assume that the cardinality of |Ji=i^'i equals + 1. 

Denote by the same letter B our modified set. We have B C A and \B\ > Pi\A\. Since 
/92 > /?i + l/l^l it follows that \B\ < P2\A\. By assumption the set A is (/3i,/32) connected of 
degree k. Hence 

On the other hand 



Tk{B) > C''/3fn{A) . (18) 



n{B)<TJ\jA'A= Y: E E(^n*---*^U(^)-K.*---*^;j(^)- (19) 

\i=l / h,...,ik=l ji,...,jfc=l X 

Using Lemma 2.3, Statement 2.6 and (19), we get 

Tk{B) < s^^ max Tfc(A^) < s'^^{2%%fkH^ . (20) 

1=1, 

By assumption Tk{A) > 2^^^C-'^^k^\A\^ . Whence \A\ > 2^^C-'^k^— = 21 and s > 2. 

Since \Ji=l K ^ B and \A\ > l//3i it follows that sl/2 < {s - 1)1 < \B\ < 2(3i\A\. Hence 
s < 4:Pi\A\/l. Combining the last inequality and (20), we have 

\A\2k 

Tk(B) < 2^''pl\288)''k''^—l- . 

This contradicts with (18) and wc obtain the required result. 

Let us prove now that any AQG contains some large (/9i, /92)^connected of degree k set. 
We begin with some notation. 

Definition 2.10 Let A C G be an arbitrary finite set, \A\ > 2, and A; > 2 be a positive 
integer. By Ck{A) denote the quantity 

^''^ ' log 1^1 

In other words T}^{A) = \A\''''. Clearly, for any set A, we have k < Cfc(^) <2k — 1. 
Let A C G be a finite set, 1^41 = m > 2, p be a positive integer, and k — 2^. Write ( for 
Ck{A). 

Theorem 2.11 Let /32 £ (0, 1) be real numbers, Pi < (32. Then there exists a set A' Q A 

such that 

1) A' is {f3i, [32) -connected of degree k set such that (16) holds for any C < 1/32. 

2) \A'\ > m ■ 2^'otF'°s(^-^^\ where k = Migi)_!)(i _ 16C). 

3) U^)>UA). 
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Proof. Let C < 1/32 be a real number. The proof of Theorem 2.11 is a sort algorithm. If A 

is /92)-connected of degree k and (16) is true with the constant C then there is nothing to 
prove. Suppose that A is not /?2)-connected of degree k set (with the constant C). Then 
there exists a set 5 C A, Pi\A\ < \B\ < p2\A\ such that (16) does not hold. Note that \A\ > 2. 
Let B^A\B. We have 

n{A) = j2iA *k-iAf{x)^ 

X 

- * A *k-2 A){x){A *k-i A){x) + *k-i A){x) = (ji + (72 . (21) 

X X 

Using Lemma 2.3 with fi — B, f2 — • ■ • — fk — gi — • ■ • — Qk — obtain 

af <Tfc(5)-Tf-i(yl). (22) 

In the same way 

al' <Tk(B)-T^'-\A). (23) 

Let cb = \B\/\A\. Combining Tfc(5) < C^''cfTk{A) and (22), we have ai < CcBTk{A). Using 
the last inequality, (21) and (23), we get 

n(B)>Tk{A){l-CcBy\ (24) 

Let ( = Ck{B), b = \B\ and b = \B\ = m — b. Using (24), we obtain 

Clog6> Clogm + 2A;log(l -Ccb). 

Hence 

- ^ Clog^ + 2A;lo_g(l - Ccb) _ Clogm + 2A:log(l - Ccb) _ C + 2^ ^°"^;^'"^ ^ 
logfe logm + log(l - bim) i + ^°g(^-^a) ~ 



>ic + 2*!5i(i^) (i-i5i, 

logm / \ lo. 



> ^ ^ ^log((l-CB)-^)^^ _ ^g^) ^ 

3g m / log m 



> ^(1 + log((l P,)-^) _ ^ ^ ^ 

logm 

where k = '"^^''iq"^'' — ^(1 — 16C) > 0. Besides, by the definition of (/3i, /32)-connectedness of 
degree k, we have 

\B\>il-P2)m = {l-P2)\A\. (26) 

Thus if the set A is not (/3i, /52)-connected of degree k then there is a set i? C A such that 
(25), (26) hold. Put Ai — B and apply the arguments above to Ai. And so on. We get the 
sets Ao — A, Ai, A2, . . . , As. Clearly, for any A^, we have C(^i) < 2A; — 1. Using this and (25), 
we obtain that the total number of steps of our algorithm does not exceed ^^i[^^^y^- At the 
last step of the algorithm, we find the set A' = A^ <^ A such that A' is (/?i, /52)-connected of 
degree k and Cki.A') > ( = Cfc(^)- Thus A' has the properties 1) and 3) of the theorem. Let 
us prove 2). Using (26), we obtain 



\A'\ > (1 - P2rm > m . 2^^«#^°^(^-^^) . 
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This completes the proof. 

Corollary 2.12 Let G be an Ahelian group, e, 5 he real numbers, e G (0, 1/8], 5 e (0, 1], 
5 ^ \G\~'^ and let A (1 G be a set, \A\ > 6\G\ > 2. Let also p be a positive integer, k = 2^, 
and Pi, ^2 £ (0, 1) be real numbers, Pi < {32, Pi < ^ — l^l"^*^- Then there exists a set A' Q A 
such that 

1) A' is {Pi, P2) -connected of degree k and (16) is true for any C < 1/32. 

2) l^'l > \G\ . 5(2^+^^^)'!oga-ft)+\ 

3) Ck{A')>UA). 

In particular, if P2 = Pi, k = 2 and 6 = 1/8 then the cardinality of \A'\ is at least ^^IGI- 
Proof. Using Theorem 2.11 with C = 1/32, we find a set A' C A with properties 1) — 3) 

guaranteed by the theorem. Let us prove that \A'\ > \G\ .5V2i^^'^^^riog(i-/3i)^\ Let TV = \G\, 
m = |/1|, and C = Cfe(^)- Clearly, Tk{A) > 5'^k^2k-i_ YLence 

C>2*-l + (2*-l)MVf)-^i^^. (27) 
^ - ^ ' logN 1-e logN ^ ' 

Since 6 > N"^ it follows that 

2A; - 1 - C < ^"^Qg (1 + 4feg) and ( > (2A; - 1)(1 - Se) . (28) 

log((2fc — 1)/C) 1 /-] /3 N 1 //-I fJ \ — 

By Theorem 2.11. wc have \A'\ > m ■ 2 '"s^^-^^j ^ iogai-/ji) ^ • 

J II — ' 21ogm o 

last inequality, pi < I - \A\-^^ and (27), (28), we get 

( 2 1 Qo,\ log(l-/32) log<S 2 1 Qo,\ log(l-/32) , i 

|A I > m • 2 ' logCl-Z^l ) ' °^ > A/" • (5i2FIT+32£j-log(l-/3i)+l . 

This completes the proof. 

Note 2.13 Certainly, the constant 32 at the second point of Corollary 2.12 can be decreased. 
The constant 2 in the numerator of -^^—^ depends on an upper bound for C. If C is less than 
1/32 then the number 2 is also decreases. 

3. The proof of main result. 

Lemma 3.1 Let A be a finite nonempty set, and k he a positive integer, k > 2. Then 
T,{A) > Tt\A)/\A\>^-\ 

Proof. The proof is trivial. 

The proof of Theorem 1.5 Let m = \A\, Pi = 1/2, P2 = /3i + l/logm, C = £2"^ k = 2^, 
p = [log In m] + 1. Clearly, C < 1/32. Using Theorem 2.11, we find A' C A such that 1) — 3) 
hold. By assumption T2{A) > \A\^/K. Using Lemma 3.1, we get Tk{A) > T^-^{A)/\A\''-'^ > 



^|2fe-Y^fc-i_ Whence 



C^C,{A)>2k-l-{k-l)^^. (29) 

logm 



Using K <nff and (29), we obtain 
By 2) of Theorem 2.11, we have 

, log((2fc-l)/C) ,,,, , ^ 

\A'\>m- 2 — iog(i+.) iog{(i-/32) ) _ ^2-" , (31) 
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where k = (1 - 16C) . Let us obtain an upper bound on a. Using simple inequalities 

log(l + x)<^, log(l + x)>^{x- xV2), X > 0, and inequalities m > 2^'^/^, (29), (30), we 
get 

a < log + ^^Zl^^ + M(l - /92)-^) < 

^ k-l iogK logm / 1 \ log((l - /j^)-^) ^ 

-2A;-l'logm^ ^^1-16CV logmy log((l - /3i)-i) " 

< log K^/' (1 + £)(! + 32C) f 1 + — < log . 

\ log m / 

Hence \A'\ > j^^. Since Ck{A') > Ck{A) it follows that 



^^(^')>^^>^^- (32) 

Using \A'\ > j^^, (32) and K < (2-58^-^j^)(3/2+e)-' it is easy to sec that Tfc(A') > 
2i4fc(-;.-2fc^fe|^/|fc_ Using Proposition 2.9, we find a set A such that |SpanAn A'| > \A'\/2 and 

|A|<2^V^fc j;!''' ■ (33) 

We have 

iSpanAn^l > iSpanAn^'l > ^ > ^ ' J^T/^ ' (^^) 
Let us prove that |A| < 2^°£~^i^'logm. Combining (33) and (32), we get 

|A| < 2'''e-^Kk\A'\'/'' < 2'''e-^Kkm}"' . 

Recall that k = 2^, p = [log In m] + 1, we finally obtain |A| < 2^°£~^i^riogm. This completes 
the proof. 

CorollEiry 3.2 Let G he an Abelian group . Let K, e he real numbers, £ e (0, 1/2], A C G &e 
an arbitrary set, \A\ > 2^2^, 1<K< min{ (2-5«£-4j^)(3/2+s)"\ \A\' }. Let also \A + A\< 

K\A\. Then there exists a set A such that |SpanAnA| > ^ • ^I^J+e l-^l ^ 2^°£~^Xlog 
Proof. We have + < K\A\. By the Cauchy-Schwartz inequality 

= [ ^(A * A){x) J < ^(A * Af{x) • |A + ^1 < T2{A) ■ K\A\ . 

\ X / X 

Hence T2{A) > {Al'^/K. Using Theorem 1.5, we obtain the required result. 
4. Another definitions of connectedness. 

In the section we discuss some relations between our definition of connectedness and a 
graph-theoretical definition of connectedness. 

Suppose that F = (V, /) is a graph, where V is the set of vertices of F and / is the 

characteristic function of a symmetric subset oi V x V. Let X,Y C V he arbitrary sets. 
By e{X, Y) denote the number of vertices between X and Y. In other words e(X, Y) = 
'^xex X^ygy /(^' y)- R-6call that F is connected if for any vertex x, we have e{x, V \ {x}) > 0. 
In [8] I. Ruzsa and G. Elekes gave the following definition. 
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Definition 4-1 Let a e (0, 1] be a real number. A graph F = (1^,/) is called a-dense- 
connected if for any partition of the set of vertices into two disjoint parts, say E\_\F — V, we 
have 

e{E,F) > a\E\\F\ . 

We give an analog of the definition above for subsets of Abelian groups. Let G be an 
Abelian group, and A C. G he a finite set. In papers [2, 3, 7] the graph of "popular differences" 
of A was considered. This graph Fa — {Va, /a) played a significant role in various problems 
of combinatorial number theory (see articles [2, 3, 7] and book [21]). The vertex set Va of 
the graph Ta is A, and the function /a is the characteristic function of the symmetric set of 
"popular differences" 

) = / ^' \{x-y^ai-a2:ai,a2eA}\>h, 
Jk^^U) I otherwise. 

Here /i is a number, < h < \A\. In many problems of combinatorial number theory h was 
taken approximately T2(y4)/|Ap. Thus the function f{x,y) equals 1 if {AoA){x — y) > h and 
equals otherwise. Ruzsa and Elekes applied a-dense-connected subgraphs of Ta to prove 
some results on sumsets (see details in [8]). 

In the article we define a new (generalized) graph F'^ = (V^, /^), where is a symmetric 
function but not the characteristic function of some subset of x Va- Put Va '■= A and 
/^(x, y) := (Ao A){x — y). The constructed graph F^ is an "approximation" of the graph F^ 
in the sense that the function J'a is a normalized and truncated version of the function : 
fA{x,y) = 9{f'A{x,y)/h), where ^ is a shifted Heaviside's function : 9{x) = 1 if x > 1 and 
^(x) = if a; < 1. Then the graph F^ is (generalized) a-dense-connected if for any partition 
of the set of vertices into two disjoint parts E and V , E\_\F — A, we have 

e{E,F) = ^^{Ao A){x-y) = J^i^ o F){z) ■ {AoA){z) > a\E\\F\ . (35) 

xeE yeF z 

We shall call a set A is strongly connected if inequality (35) holds. As was noted above in 
many problems of combinatorial number theory the order of the number h was T2{A)/\A\^. 

We also put a = C ■ T2{A)/\A\'^, where C > is a constant. 

Definition 4-2 Let A; > 2 be a positive integer. An arbitrary nonempty finite set A C G is 
called strongly connected of degree k if there is an absolute constant C e (0, 1] such that for 
any disjoint sets E,F C A, |J F = ^4, we have 

J2{E o F){x) ■ {{A *fe_2 A) o {A *k-2 A)){x) > CcECpTkiA) , (36) 

X 

where ce = \E\/\A\, cp = \F\/\A\. 

First of all let us show that any strongly connected set is a connected set. 

Statement 4.3 Let p be a positive integer, and k — 2^. Suppose that A is a strongly 
connected of degree k set such that (36) holds with some constant C. Then A is connected of 
degree k and inequality (1) holds with C/8. 

Proof. If the cardinality of A is less than two then there is nothing to prove. Let 1^41 > 3, S 
be an arbitrary subset of A, and B = A \ B. Let also 

a = ^(S o B){x) ■ {{A H-2 A) o {A H-2 A)){x) . (37) 

X 
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Since A is a strongly connected of degree k it follows that 



\B\ 


\B\ 







k{A). (38) 
We have 

a = Y^{B*A *k-2 A) {x) -(B^A *k-2 A) {x) . (39) 

X 

Using Lemma 2.3, we get cr^'^ < Tk{B)Tk{B)T^^~'^ (A) . Combining the last inequality and 
(38), we obtain 



B 



2k 



T,{B)T,{B) > C-j^ • \^T^{A) . (40) 
If \B\ < \ A\/2 then \B\ > \A\/2. Using this lower bound for \B\, we get 



Tk(B)>i^-j (^^J n(A) (41) 

and the statement is proved. Suppose that \B\ > \A\/2. Then let Bi be an arbitrary subset 
of B of the cardinality [\A\/2]. Clearly \B\ < 4|Si|. By (41), we have 

n{B)>n{B^)>^-j (^L^j ^^(^)^(8j (pjj ^^(^)- 

This completes the proof. 

Thus any strongly connected set is connected. In particular. Proposition 2.7 is true for 
an arbitrary strongly connected set and therefore any strongly connected set is contained in 
Span A for some A with small cardinality. Apparently, it was S.V. Konyagin (see [20]) who 
first proved that an arbitrary strongly connected set is economically contained in some special 
subgroup (see also another variant of his statement in book [21] p. 114, ex. 2.6.10). We 
formulate his result in our terms and give the proof for the sake of completeness. 

Statement 4.4 Let k >2 be a positive integer. Let also A C. G be a strongly connected of 
degree k set such that (36) holds with some constant C . Let 

S^l^heG : {{A*k-2A)o{A*k-2A)){x)>C^^j^Y 

Then there is an element a & G such that A C {S) + a, where (S) is the subgroup of G 
generating by S. 

Proof. Assume the converse. Let H — (S) and let Ai, . . . , C ^ be intersections of A with 
cosets of if. If there are two nonempty intersections of cosets of H with A, say, Aj, and Aj, 
i < j , i. j E {1, . . . , r} then put E = (J^^^ Ai and F = A \ E. Clearly, E and F are nonempty 
sets. Since for any e & E and / e F, we have e — f ^ H , and, consequently, e — f ^ S it 
follows that 

Y,{E o F){x) ■ {{A *fc_2 A) o {A H-2 A)){x) < 

X 

< J^iE o F){x) ■ {{A H-2 A) o (A H-2 A)){x) < C\E\\F\ ■ 
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with contradiction. This completes the proof. 

We prove an analog of Theorem 2.11 for strongly connected sets. 

Let E,F C Ahe sets. Denote by e{E,F) the quantity Y.xi^°^)i^) ' ((^*/e-2^) o (^*fe-2 
A)){x). Clearly, e{Ei\jE2,F) = e{Ei, F) + e{E2,F). Suppose that E C A is an arbitrary 
set. By ce denote the ratio lE'l/jAI. 

We need in the following technical definition of strongly connected of degree k sets. 

Definition 4-5 Let A; > 2 be a positive integer. An arbitrary nonempty finite set A C G is 
called P — strongly connected of degree k if there is an absolute constant C G (0, 1] and a set 
B CA, \B\ > (3\A\ such that for any disjoint sets E, F C B, E\JF = B, we have 

J2iE o F){x) ■ {{A H-2 A) o {A H-2 A))ix) > CcECFTf,{A) . (42) 

X 

Our next statement can be proved likewise Statement 4.3. 

Statement 4.6 Let p be a positive integer, k = 2^, and (3 G [0, 1] he a real number. Let 
A he a strongly j3 — connected of degree k set and (42) is true with some C and some B C. A, 
\B\ > P\A\. Then B is connected of degree k set and inequality (1) holds with 

A graph-theoretical variant of Lemma 4.7 below was proved in [8]. 

Lemma 4.7 Let k >2 be a positive integer, Si G [0, 1] be a real number, and let AC. G be 

a finite set. Then there exists a partition of A into disjoint sets Ai., . . .,Ai such that 

1) For all i,j e {1, . . . ,1}, i ^ j, we have e{Ai,Aj) < eiCA,CATk{A) . 

2) For any i G {1, . . . , /} the set Ai has the following property : for any disjoint sets E,F C Ai, 
E\_\F ^ Ai, we have e{E,F) > eiCECpTkiA). 

Besides, the following inequality holds 

3) T.\=iTk{Ad > T,{A) ■ (1 - {2k - l)e,). 

Proof. Consider all partitions of A into disjoint subsets Ai, . . . ,Ag, where s is an arbitrary 
positive integer. Select one for which the sum 

aiAi, . . . , A,) = Yl ( ^^■) - eiCA,CA,niA) ) (43) 

l>i<j<k 

is minimal. By minimality of this partition, say {Ai, . . . , Ai}, we have 2). 

Let us prove 1). Suppose that for some i.j G {1,...,/}, i ^ j the following 
holds e{Ai,Aj) > eiCAiCAjTk{A). Constructing the new partition V of the set A, V ~ 
{Ar}r^ij \_\{Ai y Aj) and using the last inequality, we get 

a{V) = a{Ai, ...,A,)- {e{Ai, Aj) - siCA^CATkiA)) < a{Ai, . . . , A) . 

with contradiction. 

Prove that 1) implies 3). Indeed, 

I 

n{A) = J2iA H-i A)\x) = Y^A, * A H-2 A){x) ■ {Aj * A H-2 A){x) - 

X ij=^ ^ 

I I 

= X]Z](^^*^*'^-2^)(^)'(^**^*'^-2^)(^)+ Y^Ai*A*k-2A){x)-{A^*A*k-2A){x) 

1=1 X ij = lj^i X 

I I 

^ Yl Y'^Ai0Aj){x)-{{A*k-2A)0{A*k-2A)){x) 

i=l X ij=ljjti X 
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I I 

- 5Z * ^ ^)(^) • (A * ^ *k-2 A){x) + £l J] CAXA,.rjk(A) < 

1=1 a; ij=l 

< Y.^A, * A *k-2 A){x) -{Ai^A *k-2 A){x) + eiTk{A) . 
1=1 x 

Hence E!=i Ea.(A * ^ *k-2 A){x) -{Ai^A *k-2 A){x) > (1 - ei)Tk(A). Similarly, 

I I 

I]I]I](^^*^^ *^*^-3^)(^) ■ {Ai*A*k-2A){x) < 

1=1 j = l X 
I 

- JL^-^i *Ai*A *k-3 A)(x) • (A * ^ *k-2 A)(x)+ 

i=l X 

I. I 

+ Y{A*Aj*A*k-3A){x)-{Ai*A*k-2A){x) 

i=l j=l,jj^i X 
I 

< Z(^^ *Ai*A *k-3 A){x) -{Ai^A *fe_2 A){x)+ 

i=l X 

I I 

+ E E Y('^^°^J)i^)■ii^*k-2A)o{A*,_,A)){x)< 

i=l j=l,j^i X 

I 

- E * * ^ *'^-3 ^)(^) • (A * >1 *fe-2 + £l7fc(A) . 

i=l X 

And so on. Finally, we obtain 

I I 

i=l i=l X 

This concludes the proof. 

Note It is easy to see that the third property of the constructed partition implies that 

there is io e {1, . . . ,/} such that |AJ > (1 - {2k - l)si) ■ > (1 - {2k - l)ei) ■ m}/^. 

In fact, we have 

I I 
_ - l)e^) < YTk{A^) < (max jyl.D^^-^ J] | A| < (max lA^lY'-'m . 

1=1 1=1 

This yields that if we put (3 = {1 — {2k — l)si)m~^^'^ then any set A C G, \A\ = m is strongly 
/? — connected of degree k and inequality (42) holds with any C < l/{2k — 1). Thus to obtain 
nontrivial results on the structure of A one should prove that A is strongly /3 — connected for 
large p. 

Theorem 4.9 Let A C G be a set. Let also e, P G (0, 1) be real numbers, and \ A\ > ej (2/?^). 
Then there exists a partition of A into disjoint sets Ai, . . . , At, fl such that 
1) Any set Ai, i = 1, . . . ,t is strongly jS — connected of degree 2 and inequality (4.2) holds with 
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any C <e\og{l/ (3)/{?>\og{2\A\/e)). 
2) Eli7^2(A)>(l-e)-T2(A). 

Proof. Let m = sq = \og{2m / e) / {2\og{l / (3)) > 1, and = £/(6so)- Let C < e' be a 
real number. The proof of Theorem 4.9 is a sort algorithm. If A is strongly (3 — connected of 
degree 2 and (42) is true with the constant C then there is nothing to prove. Suppose that 
A is not strongly /3 — connected of degree 2 set (with the constant C). Using Lemma 4.7 with 
£i = we get the partition V^^^ of A into Ai, . . . , Ai satisfy properties 1) — 3) of the lemma. 
Since A is not strongly j3 — connected of degree 2 it follows that for any I £ {1, ...,/}, we have 
|A| < P\A\. Using the third property of the partition V^^\ we obtain 

I 

E T,{A) = Y,T,{A,)>{l-3e')T,{A). 
Aerw i=i 

Let 5^^^ = {Ai — is not strongly /? — connected of degree 2}, and G^^^ be the collection of all 
other sets of the partition V^^\ Let us construct a new partition of A. We do not change the 
sets Ai from G^^\ Further, for any Ai belongs to B^^\ we use Lemma 4.7 with ei = e' . Wc get 
a new partition of Ai into subsets Aj^, j G {1, . . . , /(«)}• So we construct a new partition V'^'^'^ 
of the set A. For any Ai e ^(i) the following holds Ei=i^2(Aj) > (1 - 3£')r2(^i)- Hence 

r2(^)>(l-3£')'-r2(A). (44) 

Let — {Aij — is not strongly /9 — connected of degree 2}. For an arbitrary Aij G i?'^^), 
we use Lemma 4.7 with e\ = e'. We get a new partitions of the sets Aij into disjoint subsets 
Aijr- And so on. At s-th step of the algorithm, we construct the partition V^^^ such that 

J2 T2iA)>{l-3e'y-T2{A)>{l-3e's)-T2{A). (45) 

It is easy to see that if for some s < sq the following holds 

J2 T2{A)>{l-e)-T2{A), (46) 

then we are done. Indeed, just put = IJ^eB(') Suppose that for all s < Sq inequality (46) 
does not hold. Using inequality s < Sq and (45), we get X^_4g-p(s) T2{A) > {1 — e/2) ■ T2{A). 
Hence 

E T2{A)>'--T2{A)>'-^. (47) 
For any A G B'^^\ we have |v4.| < P^m. Whence 

AeBM AeP^"^ 

If s = So then the last inequality contradicts (47). So for some s < Sq inequality (46) holds. 
This completes the proof. 

There is a difference between Theorem 2.11 and Theorem 4.9. In Theorem 4.9 we prove 

that there exists a partition of A into strongly f3 — connected components and some exceptional 
set Q while Theorem 2.11 states that there is one connected subset of A. Besides, Theorem 
4.9 implies that the remaining set Q has small T2{Q). Indeed, by the property 2), we have 
E*=i T2{A,) > (1 - £) ■ T2(A), whence T2(fi) < 6T2{A). 
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